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1 Introduction

We estimate the parameters of a model of the filtration of a strainer as a function of the mass

of debris on the strainer. Test data from experiments performed at Alden Research Labs in

October 2012 provide measurements of mass that passed through the strainer with specified

time resolution. Our first goal is to find the parameters to an equation (equation (3), given

in Section 2), which models the amount of mass that passes through the strainer given:

the rate of flow; the flow fraction captured by filters; and, the masses of debris introduced,

coupled with the times of their introduction. We find the parametric form of that equation

that most closely matches the data, and we use the parameters to evaluate both filtration

and mass on the strainer as a function of time. Our second goal is to take the results for

filtration- and mass-on-the-strainer as functions of time and eliminate time to find filtration

as a function of mass on the strainer. Here we again optimize a parametric form to find

the best fit. Our third goal is to describe an empirical envelope within which the filtration

functions of interest fall.

2 Recirculation Theory

Letellier [3] describes the theory that we use in our analysis. This physics-based theory

models how debris penetrates a strainer using filtration of mass by the strainer and shedding

of mass from the debris bed that has collected on the strainer. The strainer begins with an

initial filtration, which Letellier [3] denotes by f0. At this point, the strainer is free of debris.

As the bed of debris builds on the strainer, its filtration increases. Eventually, the filtration is

total, which means that no debris particle incident upon the strainer will penetrate. However,

some debris may still pass through the strainer by shedding from the bed of debris that has

accumulated. The above behavior is modeled in detail using a number of equations given in
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Letellier [3]. To carry out our analysis, we use a handful of these equations, which we state

in the next section.

We briefly describe the testing procedure to give context to the choices we made during

analysis; see [1] for a more thorough description of the tests. The system involves an 830 gal-

lon tank in which a mass of debris particles are mixed with water and pumped through a

pipe with a strainer. The mixture is recirculated by pumping water at a nearly constant

rate. The debris in the water either penetrates the strainer and is collected downstream or is

filtered by the strainer and builds up the debris bed on the strainer. Two types of collections

of debris mass are made, using filter bags and grab samples. The filter bags are placed

consecutively in time and collect the full fraction of the flow of debris that reaches the bag.

The grab samples collect during short intervals of time, are non-consecutive, and capture

only a small fraction of the flow of debris. We use the term flow fraction for this notion and

we denote it by γk in Section 2.1, where k is an index that specifies the k-th collection of

mass and hence either corresponds to a filter bag or a grab sample. The flow fraction for the

filter bags is one; i.e., we assume a filter bag captures all of the flow of debris that reaches

the bag. The flow fraction for a grab sample is much less than one and is computed using

the cross sectional area of the grab sample device divided by the cross sectional area of the

pipe in which it is inserted.

Seven tests were completed, which we separate into three sets. The first set, tests 1-3,

have one source of mass of 1088 grams introduced in each, use the same rate of flow, and

use several filter bags and grab samples. The second set consists only of test 4, with 10

sources of mass of debris introduced, each consisting of about 108.9 grams. The flow rate is

the same as in tests 1-3. Test 4 has more mass measurements, both for filter bags and grab

samples. Test 4 was performed to assess whether concentration of debris affects filtration.

The last set, tests 5-7, each have four source introductions with about about 1088.7 grams

per introduction. These tests differ in their flow rate with the intent of assessing the effect

of flow rate on filtration. Table 1 summarizes these tests.

2.1 Pertinent Equations

An equation of primary interest describes filtration as a function of time. This function takes

on real values in [0, 1] and can be viewed as the probability that a debris particle penetrates
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Table 1: Tests Summary

Set Tests Source Mass (grams) Length (minutes) Flow Rate (gallons per minute)
1 1 1088 130 353

2 1088 167 353
3 1088 163 353

2 4 108.9× 10 307 353
3 5 1088.7× 4 230 358.04

6 1088.7× 4 382 86.87
7 1088.7× 4 344 220.14

the strainer. The filtration function, denoted f(t), is defined on nonnegative continuous time

as follows:

f(t) = Cl + αl[1− e−βl(t−tl)], (1)

where

Cl = f0 +
l−1∑
m=1

αm(1− e−βm∆tm). (2)

Indices l and m take values 0, . . . ,M , where M denotes the number of source-mass

introductions; e.g., M = 10 for test 4 from Table 1. Times t1, . . . , tM denote the times at

which each source-mass was introduced, ∆tm = tm − tm−1, and t0 ≡ 0. In equation (1),

tl denotes the time of the most recent source introduction prior to time t. Parameters

α = (α1, α2, . . . , αM), β = (β1, β2, . . . , βM), and f0 are part of the set of parameters that we

fit to data.

A second key equation models the amount of mass collected given begin (tk1) and end

(tk2) times of collection, flow fraction (γk), a history of source introductions (both Sm, mass

of source m, and tm, time of introduction of source m), and the flow rate divided by the

volume of the tank (h). The equation that characterizes the mass collected between tk1 and

3



tk2 is given by:

Mk = γk

(
l∑

m=0

Sme
htm

){[
1− (h− η(1− ν))

Cl + αl
h− η

] (
e−htk1 − e−htk2

)
+ hνDl

(
e−ηtk1 − e−ηtk2

)
(3)

+
hαl exp(βltl)

(h+ βl)(h+ βl − η)
(h+ βl − η(1− ν))

(
e−(h+βl)tk1 − e−(h+βl)tk2

)}
,

where

Dl =

(
Cl + αl
h− η

− αl
h− η + βl

)
e−(h−η)tl

+
l−1∑
j=1

∑j
m=0 Sme

htm∑l
m=0 Sme

htm

{
Cj + αj
h− η

[
e−(h−η)tj − e−(h−η)tj+1

]
(4)

− αj exp(βjtj)

h− η + βj

[
e−(h−η+βj)tj − e−(h−η+βj)tj+1

]}
,

and where Cl is defined in equation (2). The additional parameters in equations (3) and (4),

ν and η, involve shedding. Taken together with f0, α, and β, parameters ν and η represent

all of the parameters of this parametric model that we fit to data in accomplishing our first

goal that we describe in Section 1.

Finally, we restate the equation from Letellier [3] that characterizes mass on the strainer

as a function of time, denoted M s(tK). Here, K denotes the total number of filter bag

collections. The equation is similar to equation (3) and is given as follows:

M s(tK) =
K∑
k=0

Pk, (5)

where

Pk =

(
l∑

m=0

Sme
htm

){
[h− η(1− ν)]

Cl + αl
h− η

(
e−htk1 − e−htk2

)
− hνDl

(
e−ηtk1 − e−ηtk2

)
(6)

− hαl exp(βltl)

(h+ βl)(h+ βl − η)
(h+ βl − η(1− ν))

(
e−(h+βl)tk1 − e−(h+βl)tk2

)}
.

In the same way that f(t) can be expressed in continuous time t in equation (1), there is a

straightforward modification of equation (5) that holds in continuous time and we refer to

this as M s(t).
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3 Optimization Model for Parameter Estimation

3.1 Further Background

We formulate an optimization model to estimate the parameters of the physics-based model,

which yields equations (1), (3), and (5). The optimization model we formulate involves

a constrained nonlinear weighted least squares regression over the set of parameters f0,

(α1, α2, . . . , αM), (β1, β2, . . . , βM), ν, and η. Hence, there are 2M + 3 parameters for each

test, where M again denotes the number of source introductions. Table 2 shows the number

of parameters for each test.

Table 2: Number of Parameters in each Test

Test Parameter Count
1-3 5
4 23

5-7 11

The data points we use are the mass of debris collected that passed through the strainer,

coupled with the begin and end times associated with each collection. There are two types

of data points. One involves mass collected in a filter bag and the second is mass collected

in a grab sample. The filter bags are consecutive and receive the full flow fraction. The grab

samples are measurements taken during short time intervals and only capture a small flow

fraction (γk � 1).

Consistent with the manner in which the experiment was performed, we assume that a

filter bag does not span more than one source introduction. More specifically, we assume

that the first bag for each source period begins collecting mass at the same time that the

source is introduced and that it is removed before introduction of the next source. Multiple

bags may be used for a source. We further assume that debris sources are introduced in-

stantaneously, while during the actual experiment the sources were introduced over several

minutes. Introduction times averaged 2.7 minutes for small sources (test 4 with 10 introduc-

tions of about 108.9 grams) and averaged 10.2 minutes for larger sources (about 1089 grams

for tests 5-7). The times between source-mass introductions averaged 16.7 minutes for test 4,
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and 41.7 minutes for tests 5-7, although there were significantly longer times from the time

of the last mass introduction until the time of the end of the test.

Over-fitting of a model to data measurements can occur when the number of measure-

ments is small compared to the number of model parameters. Problems of over-fitting

diminish as further assumptions are embedded in a model’s functional form. The parametric

form explicit in equations (1), (3), and (5) represents one such assumption. A second exam-

ple of such a functional-form assumption, as we describe below, is that our model assumes

that filtration is a concave function of mass on the strainer; i.e., we assume that the slope

of the filtration function decreases as the mass of debris on the strainer increases.

One shortcoming of assuming that source mass introductions are instantaneous in time is

that some grab samples were taken during the course of mass introduction. A model, which

assumes instantaneous introduction, overestimates grab sample masses collected during mass

introduction. Our preliminary analysis indicated that such grab samples (i.e., the subset of

grab samples taken during mass introduction) had large errors, and could slightly misguide

the fit. To account for this discrepancy, for this subset of grab samples we use them as

data points only in that we added their mass to the mass collected by the filter bag that

spanned the time interval of the grab sample because, had the grab sample not been taken,

the mass would have reached the bag. This step was not taken for the complementary subset

of grab samples outside times of mass introduction; this subset of grab samples remains as

data points used in the fit. In all tests, except test 5, we were left with enough data points

to avoid severe over-fitting problems. That said, in our results, test 5’s fit was consistent

with other tests, and so it does not appear that the fitting procedure for test 5 was seriously

affected by the absence of a sufficient number of data points.

3.2 Optimization Model

The optimization model (7) we formulate below is nonlinear and nonconvex. In the objective

function in equation (7a), Mk refers to equation (3), which is a function of f0, α, β, ν, and η,
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and the M̂k, k = 1, . . . , K, terms are the indexed data points.

min
f0,α,β,ν,η,s,v

K∑
k=1

wk(Mk − M̂k)
2 + wf (f0 − f̂0)2 + wα

M∑
m=1

(αm − α̂m)2

+wβ

M∑
m=1

(βm − β̂m)2 + wν(ν − ν̂)2 + wη(η − η̂)2 (7a)

+ws(s− ŝ)2 + wv

T∑
t=1

v2(t)

s.t. CM + αM(1− e−βM ∆tM ) + s = 1 (7b)

f(t)− f(t− 1)

M s(t)−M s(t− 1)
+ v(t) ≥ f(t+ 1)− f(t)

M s(t+ 1)−M s(t)
, ∀t (7c)

0 ≤ f0 ≤ 1, 0 ≤ αm ≤ 1, βm ≥ 0, s ≥ 0, v(t) ≥ 0, ∀m, t. (7d)

In addition to f0, α, β, ν, and η, we introduce additional decision variables s and v, which

represent a slack variable for constraint (7b) and an artificial variable in constraint (7c). The

former constraint does not allow the filtration function to exceed unity, and values strictly

less than one are permissible. The latter constraint enforces concavity (decreasing slopes)

of the filtration function, as a function of mass on the strainer. We do not repeat the

constraints that define f(t) using equation (1), Mk using equation (3), and M s(t) using the

continuous-time variant of equation (5). In our implementation, t = 1, . . . , T , discretizes

time in increments of minutes, and constraint (7c) is only enforced when its denominators

are positive.

We approximate the arrival process of debris particles to the filter bags and grab samples

as a nonhomogeneous Poisson process. If the absolute error (in grams) of a mass measure-

ment did not depend on the magnitude of the mass measured then equal weights, wk = 1,

would be appropriate in the objective function (7a). However, the standard deviation of a

Poisson random variable is the square root of its mean; i.e., the absolute error is larger when

the measured mass is larger. So we should down-weight terms with larger values of abso-

lute mass. If the objective function were a one-norm then the appropriate down-weighting

scheme would be proportional to the reciprocal of the square root of the mass. Because we

use squared error, the appropriate weighting scheme is proportional to the reciprocal of the

mass:

wk =
M̂−1

k∑K
k=1 M̂

−1
k

, k = 1, . . . , K. (8)
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See Massey et al. [6] for further discussion of these issues in the setting of a linear rate

function for the nonhomogeneous Poisson process.

All terms in the objective function (7a), save the first one and last one, are proximal terms

which help the optimization algorithm find a sensible solution to this nonconvex optimization

model. These proximal terms, also known as regularization terms, are secondary compared

to the primary terms, which determine the goodness of fit to the measured masses, and the

weights are selected to reflect this. Each target term, such as f̂0, is a sensible value that the

model should try to stay near, all else being equal. The weights, such as wf , determine how

much weight the model attributes to attaining the target values.

It is common in nonlinear optimization, and in fact encouraged, to specify initial values

to begin the iterative solution algorithm. These initial values are synonymous with the

target values, and we will simply refer to them as target values. These were determined first

via elicitation by experts [4] and then by extensive experimentation with the optimization

model.

Model (7) is nonconvex, and hence a local optimal solution need not be a global optimal

solution. We observed this in practice. We used the modeling language GAMS [5] to im-

plement our model and called the nonlinear optimization code MINOS 5.5 [7] to solve the

model. We also experimented with the solver CONOPT [2] and found its performance to

be very similar to MINOS. Under poor target values (e.g., all target values are zero), the

optimization algorithm either fails or produces a poor solution, as measured by weighted

sum-of-squared errors, the first of the eight terms in the objective function (7a). We did

not rely excessively on the target values elicited from experts. The goal is to have the data

determine the fit. We solved a family of models, across all seven tests, to get a sense of the

data-driven fit for the parameters. When there was evidence that a value deviated from our

initial expert-elicited target values, we would modify the target value accordingly and repeat.

Our primary performance measure was the weighted sum-of-squared errors. Our secondary

performance measure was the relative errors for specific mass measurements that we give

below. We selected the weights as follows: As we parametrically increase the weights on the

regularizing terms from zero, the weighted sum-of-squared errors tends to stay constant and

then experience increases above a threshold value for the weights. We selected the weights

to be smaller than those threshold values. In this way, we ensure that these weights do not
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have undue influence on the selection of the primary parameters of interest, f0, α, β, ν, and

η.

The one exception to the approach we describe above for selecting the regularization

weights involved the shedding parameters, ν and η. Preliminary fits showed order-of-

magnitude variation in these parameters with the greatest variability in tests 1-4. As shown

in Table 1, tests 5-7 are run for considerably larger periods of time and with larger total

mass. We view these tests as best for informing the fit of the shedding parameters, ν and η.

So first we fit all of the parameters for tests 5-7, and then we used those results to specify the

target values, ν̂ and η̂, for tests 1-4. We significantly increased the weight, wν and wη, for

tests 1-4 but not so much so that we did not allow the data to drive the fit, again considering

jumps in the weighted sum-of-squared errors as we describe above.

The final term in the objective function (7a) involves the “violation” decision variables,

v(t), in constraint (7c). While we could in principle eliminate these decision variables and en-

force the constraint directly, this leads to a computationally intractable optimization model.

Instead we gradually increase the weight, wv, in an iterative scheme until the constraint is

satisfied, or rather, until violations in the constraint are of negligible magnitude.

4 Results and Analysis

The data from each of the tests 1-7 were fit separately using model (7), giving a separate set

of parameter values for each test. The results need to be aggregated so we plotted filtration

against mass on the strainer for each test and found a fit with upper and lower bounds which

provided parametric forms, as we describe in detail below.

4.1 Tests 5-7

We begin by describing the results and our analysis for tests 5-7 because we use these results

to select target values for the shedding parameters for tests 1-4. The optimal parameters

for tests 5-7 are shown in Table 3. Only the first α and β values are included because the

other three α-values shrink to zero and the other three β-values are of the same order of

magnitude.

Tests 5-7 were performed with varying rates of flow ranging from Q = 86.87 gpm for
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test 6 to Q = 220.14 gpm for test 7 to Q = 358.04 gpm for test 5. The value of parameter

ν in Table 3 exhibits no discernible pattern with changes in Q, and we use the average of

these ν-values, 0.0152, as our best estimate of ν and as the target value for tests 1-4, ν̂.

Parameter η, which has units [1/time], is strongly correlated with the flow rate Q with a

correlation coefficient (albeit across just three tests) of 0.999995. Using linear regression we

obtain a point estimate for η at the flow rate of Q = 353 of 0.0538, our target value η̂ for

tests 1-4. Parameter f0 represents the filtration of the strainer at time 0, with no debris bed,

and Table 3 suggest this grows with the flow rate of Q with a correlation coefficient of 0.935.

Parameter β1 [1/time] has a correlation of 0.911 with Q while α1 appears to decrease with

Q with a correlation coefficient of −0.906.

Table 4 shows the relative error per measurement, calculated as follows:

Mk − M̂k

M̂k

× 100, (9)

so that negative values mean the model under-estimated the measurement. The shaded cells

in Table 4 represent grab samples. The errors associated with the grab samples tend to be

larger, and this is, perhaps, not surprising. First, these samples involve short time intervals—

on the order of 1 second—and hence have larger relative variability than mass collected in

a filter bag. Second, mass accumulated in the line and later purged was attributed to grab

samples but in a manner that does not capture time dynamics. (Removing this purged-mass

does not uniformly improve the fits.) There are also some large errors associated with some

of the filter bags (e.g., errors of 80-90% for k7 for tests 5 and 7). That said, these were the

last filter bags collected in the experiments and the associated masses are small. We return

to this issue in Section 4.4.

Table 3: Tests 5-7 Optimal Parameters

Test α1 β1 f0 ν η
5 0.2682 0.4969 0.7054 0.0096 0.0546
6 0.5241 0.2393 0.4576 0.0164 0.0082
7 0.2951 0.2647 0.6604 0.0196 0.0311
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Table 4: Tests 5-7 Relative Error (%)

Test k1 k2 k3 k4 k5 k6 k7

5 0.0 0.0 -3.7 3.2 -8.3 18.6 -90.0
6 0.3 -16.3 7.1 12.4 -10.4 27.5 -74.9
7 0.0 0.2 -7.5 6.5 -10.6 21.0 -83.3

k8 k9 k10 k11 k12 k13 k14

5 -95.1 -99.0 -99.8
6 -80.0 -32.0 3.0 -22.7 -37.6 -45.2 -29.8
7 -63.7 -65.2 -89.3 -91.0 -89.5

4.2 Tests 1-3

In contrast to tests 5-7, tests 1-3 were run under similar conditions as summarized in Table 1.

The optimal parameters for these tests are shown in Table 5. The values of all five parameters

α, β, f0, ν, and η are similar for these three tests. Note that the fit values of ν and η deviate

from their targets of ν̂ = 0.0152 and η̂ = 0.0538 but do so in a relatively consistent manner

across the three tests. The relative error per measurement of tests 1-3 is recorded in Table 6.

Again, the error is computed by equation (9) and the shaded cells represent grab samples.

Filtration as a function of mass on the strainer for each of tests 1-3, is similar, as seen in

Figure 1. (All figures are contained in the Appendix.) From tests 5-7, test 5 is most similar

to tests 1-3 in terms of flow rate (Q = 358.04 gpm for test 5 and Q = 353 gpm for tests 1-3)

and Figure 2 includes test 5’s results, in addition to the results for tests 1-3, for filtration as

a function of mass on the strainer. Due to the larger total mass used in test 5 and the longer

run-time of the experiment, we are able to see a more complete picture in terms of filtration

at larger values of mass of debris on the strainer. Test 6 was run at the lower flow rate of

Q = 86.87 gpm and, as Figure 3 indicates, its results are qualitatively different, particularly

for masses on the strainer smaller than 1000 grams. Even though test 7’s flow rate is lower

at Q = 220.14 gpm its results are similar to those for tests 1-3 and test 5, as seen in Figure 4.

4.3 Test 4

Test 4 was performed with the same total mass as tests 1-3 but at a lower concentration with

debris mass introduced slowly over ten introductions. The optimal parameters are reported
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Table 5: Tests 1-3 Optimal Parameters

Test α β f0 ν η
1 0.3315 0.5134 0.6685 0.0272 0.0402
2 0.3440 0.4751 0.6560 0.0243 0.0413
3 0.3241 0.5310 0.6759 0.0228 0.0446

Table 6: Tests 1-3 Relative Error (%)

Test k1 k2 k3 k4 k5 k6 k7 k8 k9

1 -0.1 -1.3 -34.1 -54.6 -66.5 -95.6
2 -0.3 -2.3 -61.4 -96.1 -63.2 -66.3 -90.8 -99.7
3 0.1 -17.3 14.5 -76.4 -87.1 -77.7 -62.2 -94.6 -99.5

in Table 7. For the same reasons as in the results for tests 5-7, only the first α and β are

included. Table 8 shows the relative error per measurement, as calculated in equation (9).

Again, the shaded cells are grab samples. Figure 5 graphically compares test 4’s filtration as

a function of debris mass on the strainer with that of tests 1-3. While there does not appear

to be a “concentration effect” involving the total mass that penetrates the strainer, Figure 5

suggests there may be a concentration effect on the form of the filtration function. While

less pronounced, the effect of lower concentration is similar to that with the lower flow rate

of test 6. Compared to the other tests, tests 4 and 6 have a filtration function that begins

at a lower value of f0 and climbs more steeply before transitioning towards an asymptote.

Table 7: Test 4 Optimal Parameters

Test α1 β1 f0 ν η
4 0.0527 0.4243 0.6272 0.0167 0.0506

4.4 Direct Penetration, Shedding, and Further Error Analysis

Equation (3) predicts the debris mass that has penetrated the strainer between time tk1 and

tk2 . Hence, we can use a continuous-time variant of equation (3) to predict the cumulative
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Table 8: Test 4 Relative Error (%)

Test k1 k2 k3 k4 k5 k6 k7 k8 k9 k10 k11

4 1.4 2.6 -5.6 -7.2 13.2 -6.0 0.6 0.2 1.1 -1.9 -47.4
k12 k13 k14 k15 k16 k17 k18 k19 k20 k21 k22

4 -58.4 -94.9 -31.3 -3.0 -21.6 -45.1 -27.9 -61.2 -88.7 -25.3 -17.3
k23 k24 k25 k26 k27 k28 k29 k30 k31 k32 k33

4 -43.3 -69.6 -79.6 291.2 -63.0 -67.5 -71.2 -74.7 -70.6 -75.2 -72.1

mass that has penetrated the strainer up to time t. We can distinguish direct penetration

versus mass that has penetrated due to shedding. (Setting ν = 0 and η = 0 has the effect of

eliminating mass shedding in the equation.) For each of the seven tests, Figures 6-12 plot

total mass penetrating the strainer as a function of time (in red) along with the components

due to direct penetration (green) and mass shedding (blue). These curves use the optimized

model parameters that we describe in Sections 4.1-4.3. The black dots in the plots are

experimental data indicating the cumulative mass measured at the time each filter bag is

removed.

The figures indicate that the bulk of mass penetrating the strainer does so via direct

penetration soon after introduction of the mass. Mass shedding occurs on a longer time

scale, contributing penetrated mass later in the experiments. Note that for larger values of

η the contribution due to mass shedding reaches an asymptote more quickly, as is seen by

comparing tests 6, 7, and 5, which we enumerate here in increasing order with respect to η,

where Figure 11 for test 6 indicates that the asymptote has yet to be reached by the end of

the test.

In addition to relative errors that we report above, a comparison of the cumulative pene-

trated mass according to the model and the cumulative penetrated mass that was measured

is useful in assessing the fit of the parametric model. Here, by cumulative penetrated mass

we mean mass which penetrates directly and mass that passes through the strainer due to

shedding. As we indicate above, the black dots in Figures 6-12 plot cumulative penetrated

mass at the end time of mass collection for each filter bag while the cumulative penetrated

mass according to the model is represented by the red line. As is shown in the figures, tests

1 and 3-7 suggest that the model and data are consistent, but test 2 shows a discrepancy.
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The reason these cumulative values match reasonably well, despite some of the large rela-

tive errors in Tables 4, 6, and 8, is that those large relative errors tend to occur when the

associated mass is small. The relative errors for the cumulative penetrated mass according

to the model and the experimental measurement at the end of the seven respective tests are:

1.3%, 9.9%, 1.2%, 2.7%, 0.9%, 1.2%, and 1.4%. In each case the model under-predicts the

experimental measurement. Test 2 had an “anomaly” during the experiment in which an air

bubble formed on the strainer and later burst, during the test. This may be the reason that

the parametric model does not comport as well with the data, as indicated in Figure 7.

4.5 Filtration as a Function of Mass on the Strainer

Figures 1-5 graph filtration of the strainer as a function of debris mass on the strainer.

We seek a parametric form of the filtration function and an envelope that encapsulates the

optimized fits from these tests. The form of this function appears to be piecewise, linear from

zero mass until a cutoff point and exponential to infinity. Equation (10) below characterizes

this form:

f(M s) =

{
mM s + b if 0 ≤M s ≤Mc,

f(Mc) + (1− f(Mc))(1− e−δ(M
s−Mc)) if M s > Mc.

(10)

We abuse notation here in that in equation (1) we write filtration as a function of time,

f(t), and now we write f(M s) using the pairs f = f(t) and M s = M s(t) from the optimized

parameters for our experimental data to eliminate the time parameter, t. In this sense, we

view the points we display in Figures 1-5 as “data” to which we fit the parametric form in

equation (10). In our fitting process we only use a subset of that data for reasons we explain

below. The parameters of equation (10) are the slope and intercept of the linear piece, m

and b, the δ associated with the exponential piece, and the mass cut-off value, Mc, that

determines the domains for the two pieces of the function. The term f(Mc) is identically

f(Mc) ≡ mMc + b so the piecewise function is continuous. The function f(M s), as defined

in equation (10), has the property that it converges to 1 from below as M s →∞.

First, we found a central fit to the data, using results from tests 1-3, 5, and 7 for both

the linear piece and the exponential piece. Tests 4 and 6 were excluded due to the effect we

mention above: Under the lower concentration and the lower flow rate, respectively, their
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filtration functions start lower and increase more quickly than the others. So the filtration

function we fit is consistent with flow rates near 353-358 gpm (although our 220 gpm results

are similar) and concentrations corresponding to about 1088 grams of fiber in the 830 gallon

tank. Tests 1-3 had inadequate data in the tail of the function where the exponential piece

is fit. A least squares error model was used to find this central fit, and the results are shown

in the middle row of Table 9 and in Figure 13.

Upper and lower bounds for the envelope were found, using the same functional form

as given in equation (10). To determine the upper envelope, the area under its curve is

minimized such that it majorized the data point for tests 1-3, 5, and 7. We optimize over

the parameters m, b, δ, and Mc, as shown in bottom row of Table 9. Similarly for the lower

envelope, the area under its curve is maximized such that it minorized the data points for

tests 1-3, 5 and 7. The optimal parameters are shown in the top row of Table 9.

Table 9: Filtration Parameters for Equation (10)

m b δ Mc

Lower 0.0003391 0.6560 0.0013 880
Center 0.0003263 0.6888 0.0011 930
Upper 0.0003723 0.7059 0.0318 790

4.6 Guidance for Sensitivity Analyses

The “Center” row in Table 9 denotes our point estimate of the filtration function of equa-

tion (10). The “Lower” and “Upper” rows in Table 9 can be used for sensitivity analyses. If

the lower values are used then less mass will be filtered, and hence more mass will penetrate

the strainer. This can result in more mass accumulating on the fuel assemblies. If the upper

values are used then more mass will accumulate on the strainer. Hence, we anticipate an

increase in the failure probability associated with the strainer failure mode.

Table 10 provides analogous values for the shedding parameters ν and η. We report η

scaled by h = Q/V , where Q is the flow rate in gallons per minute, as given in Table 1 for

each test, and V = 830 gallons is the volume of the tank for all tests. (See Section 2.1 for

how h appears in the physics-based equations of interest.) We report η scaled in this manner
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because of its high correlation with Q, or equivalently, h, as we discuss in Section 4.

As we discuss near the end of Section 3.2, we see the values of the shedding parameters

as best informed by tests 5-7, and here we restrict attention to those tests. The “Center”

value of ν in Table 10 is the average of the values for tests 5-7 as reported in Table 3. Based

on a linear fit of η as function of Q for tests 5-7, our point estimate of η is 0.053776 at a flow

of Q = 353 gpm. The corresponding scale-free point estimate of η reported in Table 10 in

the “Center” row is η/h = 0.12466. To account for uncertainty in our estimates of η and ν

the “Lower” and “Upper” values of ν and η/h are the minimum and maximum values across

tests 5-7.

Table 10: Shedding parameters for sensitivity analyses

ν η/h
Lower 0.009561 0.07870
Center 0.015188 0.12466
Upper 0.019618 0.12657

Finally, if we are concerned about the sensitivity of the results to increased penetration

of mass of fiber due to uncertainty then we should choose the “Lower” row from Table 9.

However, which shedding parameters, ν and η, are similarly conservative? We recommend

ν = 0.019618 and η/h = 0.12657, the “Upper” values from Table 10. The rational for this

is as follows: ν is the fraction of the mass on the bed that is “sheddable.” So the larger ν

the more mass will penetrate the strainer. Large η is similarly conservative because more

sheddable mass penetrates more quickly. For this reason, we prefer the “Upper” values of

0.019618 for ν and 0.12657 for η/h from Table 10. If we are instead concerned about focusing

on increased failures due to the strainer, we should select the “Upper” row from Table 9 and

the “Lower” row from Table 10.
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Appendix: Figures

Figure 1: Tests 1-3 Showing Filtration as a Function of Mass on the Strainer. Note: “gpm”
in the legend means gallons per minute.
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Figure 2: Tests 1-3 and 5 Showing Filtration as a Function of Mass on the Strainer
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Figure 3: Tests 1-3 and 6 Showing Filtration as a Function of Mass on the Strainer
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Figure 4: Tests 1-3, 5, and 7 Showing Filtration as a Function of Mass on the Strainer
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Figure 5: Test 4 and Tests 1-3 Showing Filtration as a Function of Mass on the Strainer
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Figure 6: Test 1 Mass Penetration
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Figure 7: Test 2 Mass Penetration
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Figure 8: Test 3 Mass Penetration
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Figure 9: Test 4 Mass Penetration
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Figure 10: Test 5 Mass Penetration
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Figure 11: Test 6 Mass Penetration
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Figure 12: Test 7 Mass Penetration
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Figure 13: Central Fit and Envelope for Filtration as a Function of Mass on the Strainer
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