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Stratified Sampling in Monte Carlo Simulation:
Motivation, Design, and Sampling Error

David Morton, Jeremy Tejada, and Alexander Zolan
The University of Texas at Austin

Abstract

We describe a stratified estimator in Monte Carlo simulation. We compare it to the standard
sample mean estimator that arises from naive Monte Carlo sampling. We characterize the
sampling error associated with a stratified estimator. And, we discuss how to design the strat-
ified sampling estimator, in term of choosing the strata and allocating sample sizes, to reduce
sampling error over that of the naive approach.

1 Overview

Let Y denote a random variable, and let µ = EY denote a performance measure associated with

a simulation model. For example, we could have X denote the (random) lifetime of a system, and

Y = I(X ≥ t0) denote the binary random variable, indicating whether the system lifetime exceeds

a critical time threshold, t0. Then µ = EY = P(X ≥ t0) denotes the reliability of the system;

i.e., the probability the system does not fail by time t0. We assume that we cannot compute µ

exactly. Instead we estimate µ by Monte Carlo sampling. We describe two Monte Carlo schemes

and compare their relative merits. None of what we describe below requires that Y be a binary

variable, but our results do require finite variance, σ2 = varY <∞, because our confidence interval

statements rely on central limit theorems, which use assume finite variance. The ideas we present

here are not new. For example, see Section 5.3 of Hammersley and Handscomb [2] and Section 5.7

of Asmussen and Glynn [1].

2 Naive Monte Carlo Sampling

Suppose we have n independent and identically distributed (iid) observations of Y , which we denote

Y1, Y2, . . . , Yn. Typically to construct iid observations of Y in this way we run a simulation model,

which may be computationally expensive and is based on a potentially large number of underlying

variables. That is, Y = f(X1, X2, . . . , Xd), where (X1, X2, . . . , Xd) is the d-dimensional random

inputs to the simulation model. Furthermore, it is possible that each Y is itself an average of

further underlying batches.
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Given the n iid observations, we can form the sample mean and sample variance:

Ȳn =
1
n

n∑
i=1

Yi (1a)

S2
n =

1
n− 1

n∑
i=1

(
Yi − Ȳn

)2
. (1b)

Using the equations of (1) we can form a 100(1− α)% confidence interval:

[
Ȳn − tn−1,αSn/

√
n , Ȳn + tn−1,αSn/

√
n
]
, (2)

where tn−1,α satisfies P(−tn−1,α ≤ Tn−1 ≤ tn−1,α) = 1−α and Tn−1 is a Student’s t random variable

with n − 1 degrees of freedom. A typical value of α is 0.10 so that we obtain a 90% confidence

interval. If α = 0.10 and n = 100 then t99,0.10 = 1.660. For smaller values of n the Student’s t

quantile is larger; e.g., with n = 5 we have t4,0.10 = 2.132.

We know var Ȳn = σ2/n, where again, σ2 = varY . And, given the formulas for the sample

mean in equation (1a) and the sample variance S2
n in equation (1b) we have:

EȲn = µ (3a)

ES2
n = σ2. (3b)

Restated, both the sample mean and the sample variance are unbiased estimators of their population

counterparts.

3 Stratified Sampling

We describe stratified sampling for the case in which Y = f(X), and we stratify on X. That said,

our more general setting of Y = f(X1, X2, . . . , Xd) still applies provided: (i) X corresponds to X1;

(ii) X1 and (X2, . . . , Xd) are independent; and, Y = EX2,...,Xd
f(X1, X2, . . . , Xd). In the context of

GSI-191 and the CASA Grande simulation model, we can think of X as, say, the random initiating

frequency or the random break size, or rather, as a randomly selected quantile associated with

those random variables.

Let S1,S2, . . . ,SK denote a partition of X’s support; i.e., P(X ∈ ∪Kk=1Sk) = 1 and P(Si∩Sj) = ∅

for i 6= j. We have

EY = Ef(X) =
K∑
k=1

P(X ∈ Sk)︸ ︷︷ ︸
≡ pk

E [f(X) |X ∈ Sk] .
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We assume that the probability mass, pk, of each cell (stratum) is known, and we let FX(x|X ∈ Sk)

denote the conditional probability distribution of X, given that X lies in cell k.

Let Xk
1 , X

k
2 , . . . , X

k
nk

be nk iid observations from FX(x|X ∈ Sk), i.e., iid observations of X,

given that X lies in the k-th cell. Then we can form a stratified estimator, which is the analog of

equation (1a):

f̄n =
K∑
k=1

pk

[
1
nk

nk∑
i=1

f(Xk
i )

]
︸ ︷︷ ︸

≡ f̄ knk

, (4)

where
∑K

k=1 nk = n.

While equation (4) yields the point estimate for the stratified sampling procedure, it remains

to characterize its sampling error. We have:

var f̄n =
K∑
k=1

p2
k var [f(X)|X ∈ Sk]︸ ︷︷ ︸

≡ σ2
k

/nk. (5)

Let S2
k,nk

denote the sample variance for the k-th cell, i.e.,

S2
k,nk

=
1

nk − 1

nk∑
i=1

(
f(Xk

i )− f̄ knk

)2
,

and hence

v̂arf̄n =
K∑
k=1

p2
k

S2
k,nk

nk
. (6)

Using equations (4) and (6) we can form a 100(1− α)% confidence interval:[
f̄n − tn−1,α

√
v̂arf̄n , f̄n + tn−1,α

√
v̂arf̄n

]
. (7)

In similar fashion to equations (3), we have:

E f̄n = µ (8a)

E v̂arf̄n = var f̄n. (8b)

4 Designing a Stratified Sampling Procedure

Naive sampling and stratified sampling both yield an unbiased point estimate of µ. The motivation

for using stratified sampling over the simpler naive sampling alternative is the hope that:

var f̄n � var Ȳn.
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So, in designing a stratified sampling procedure, we seek to reduce variance. And we have two key

choices to make in designing a stratified sampling procedure:

1. How should we choose the cells of the stratification, S1,S2, . . . ,SK?

2. How should we choose the sample sizes, n1, n2, . . . , nK?

We begin with the latter question. Assuming that the probability masses, p1, p2, . . . , pK , are

cheap to calculate, the computational effort for the stratified sampling scheme is dominated by

the n function evaluations, f(Xk
i ), i = 1, 2, . . . , nk, k = 1, 2, . . . ,K, where

∑K
k=1 nk = n. The

computational effort for the native sampling scheme of Section 2 is similarly dominated by the n

function evaluations, f(Xi), i = 1, 2, . . . , n. To minimize the variance of the stratified sampler we

solve the following optimization problem:

min
n1,n2,...,nK

K∑
k=1

p2
k

σ2
k

nk
(9a)

s.t.
K∑
k=1

nk = n (9b)

nk ∈ Z+ . (9c)

The objective function in (9a) follows from the formula for var f̄n in equation (5). In light of the

discussion above, constraint (9b) limits the total computational effort to n function evaluations.

Ignoring the integrality constraints (9c), the solution to model (9) is given by:

nk =

(
pkσk∑K
k=1 pkσk

)
n . (10)

While the probability masses, pk, are known, the population variances, σ2
k, are not. We could

employ a two-stage procedure in which we first estimate σ2
k by sample variances in the first stage,

and then allocate samples according to equation (10), with σk replaced by the sample standard

deviations.

To answer the question of how to choose the cells, consider the variance decomposition formula:

var f(X) = E [var [f(X) | I]] + var [E [f(X) | I]] , (11)

where I is an indicator random variable with realizations I(X ∈ Sk), k = 1, 2, . . . ,K.

We have var Ȳn = var f(X)/n; i.e., var Ȳn is the left-hand side of equation (11), within the factor

of 1/n. The first term on the right-hand side of equation (11) is similar to var f̄n, except that the
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probability weights are pk rather than p2
k and, again within the scaling factors of 1/nk. Despite this

difference, equation (11) gives us qualitative insight on how to attempt to achieve var f̄n � var Ȳn.

In particular, we would like the second term on the right-hand side of equation (11) to be as large

as possible because this will decrease the magnitude of the first term, given that the left-hand side

is a constant. This means that we would like the terms,

E [f(X) | I(X ∈ Sk)] , k = 1, 2, . . . ,K,

to be as variable as possible.

To make this final observation concrete in the context of GSI-191 and the CASA Grande simu-

lation model, consider a system reliability example, as we discuss in Section 1 with Y = I(X ≥ t0).

Then in forming cells for a stratification, we seek to form cells for which the conditional system

reliability values, P(X ≥ t0 | Sk), k = 1, 2, . . . ,K, are “as spread out as possible.”
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